Abstract. In this paper, we establish a Schmidt's subspace theorem for moving hypersurfaces in weakly subgeneral position. Our result generalizes the previous results on Schmidt's theorem for the case of moving hypersurfaces.
Introduction
It is known that there is a close relation between Nevanlinna theory and Diophantine Approximation due to the works of Osgood (see [5, 6] ) and Vojta (see [11] ). Especially, Vojta has given a dictionary which provides the correspondences for the fundamental concepts of these two theories. With this dictionary, one can translate results from Nevanlinna theory into corresponding results from Diophantine Approximation and vice versa. In Nevanlinna theory, the main goal is to establish the second main theorem, which is an inequality where the characteristic functions of meromorphic functions or mappings are bounded above by a sum of certain counting functions. The result in Diophantine Approximation corresponding to the second main theorem is the so-called Schmidt's subspace theorem. Over the last decades much research on these theorems has been done. Many results have been given, for instance [1, 3, 4, 9, 10, 12] .To state some of them, we recall the following.
Let k be a number field. Denote by M k the set of places (equivalence classes of absolute values) of k and by M ∞ k the set of archimedean places of k. For each v ∈ M k , we choose the normalized absolute value | · | v such that | · | v = | · | on Q (the standard absolute value) if v is archimedean, and |p| v = p −1 if v is non-archimedean and lies above the rational prime p. For a valuation v of k, denote by k v the completion of k with respect to v and set
We put ||x|| v = |x| nv v . The product formula is stated as follows
For x = (x 0 , . . . , x n ) ∈ k n+1 , define
We define the absolute logarithmic height of a projective point x = (x 0 : · · · : x n ) ∈ P n (k) by h(x) := v∈M k log ||x|| v .
By the product formula, this does not depend on the choice of homogeneous coordinates (x 0 : · · · : x n ) of x. If x ∈ k * , we define the absolute logarithmic height of x by
where log + a = log max{1, a}.
Let N 0 = {0, 1, 2, . . .} and for a positive integer d, we set Let Λ be an infinite index set. Let A ⊂ Λ be an infinite index subset and a a map A → k. We denote this map by (A, a). Definition 1.1. Let A ⊂ Λ be an infinite index subset and C 1 , C 2 ⊂ A subsets of A with finite complement. Two pairs (C 1 , a 1 ) and (C 2 , a 2 ) are said to be equivalent if there is a subset C ⊂ C 1 ∩ C 2 such that C has finite complement in A and such that the restrictions of a 1 , a 2 to C coincide. Denote by R 0 A the set of all equivalence classes of pairs (C, a). Then R 0 A has a ring structure. Moreover, we can embed k into R 0 A as constant functions.
In this paper, we regard a collection of points {x(α) ∈ P n (k) | α ∈ Λ} as a map x : Λ → P n (k). We call a moving hypersurface of degree
where a I (I ∈ T d ) are collections of points, not all zero. Let Q 1 (α), . . . , Q q (α), (α ∈ Λ) be q-moving hypersurfaces in P n (k) of degrees d 1 , . . . , d q respectively. Suppose that Q i (α) is given by
2. An infinite subset A ⊂ Λ is said to be coherent with respect to {Q j } q j=1 if for every polynomial P ∈ k[..., x 1,I 1 , ..., x j,I j , ..., x q,I q , ...], I j ∈ T d j , which is homogeneous in (..., x j,I j , ...) for each j = 1, . . . , q, either P (..., a 1,I 1 (α), . . . , a j,I j (α), ..., a q,I q , ...) vanishes for all α ∈ A, or it vanishes for only finitely many α ∈ A. Lemma 1.3 (see [4, Lemma 1.4] and also [1, Lemma 2.1]). There exists an infinite subset A ∈ Λ which is coherent with respect to {Q j } q j=1 .
Let A ⊂ Λ be an infinite index subset which is coherent with respect to {Q j } q j=1 . If j ∈ {1, . . . , q} and I ∈ T d j satisfy a j,I (α) = 0 for some α ∈ A, then the set {α ∈ A | a j,I (α) = 0} has finite complement in A by the coherence of A. Hence, the pair
the subring of R 0 A generated over k by all such pairs. Then R
is an entire ring (see [4] ). . Definition 1.5. Let x : Λ → P n (k) be a collection of points. We say that x is algebraically non-degenerate (resp. linearly non-degenerate) over R {Qj} q j=1 if for all infinite subsets A ⊂ Λ that are coherent with respect to {Q j } q j=1 , there is no non-zero homogeneous polynomial (resp. non-zero homogeneous polynomial of degree 1) Q ∈ R A,{Qj} q j=1 [x 0 , . . . , x n ] such that Q(x 0 (α), . . . , x n (α)) = 0, for all α ∈ A outside a finite subset of A. Definition 1.6. We say that a set {Q j } q j=1 (q ≥ N + 1) of homogeneous polynomials in R 0 Λ [x 0 , . . . , x n ] is in weakly N-subgeneral position if there exists an infinite subset A ⊂ Λ with finite complement such that for any 1 ≤ j 0 < · · · < j N +1 ≤ q, and α ∈ A, the system of equations
has only the trivial solution (x 0 , . . . , x n ) = (0, . . . , 0) in k n+1 , where k is an algebraic closure of k. Furthermore, the set {Q j } q j=1 (q ≥ N + 1) is said to be in N-subgeneral position if the equation (1.7) has only the trivial solution (x 0 , . . . , x n ) = (0, . . . , 0) in k n+1 for all α ∈ Λ.
We will say that the set {Q j } q j=1 (q ≥ N + 1) is in general position (resp. weakly general position) if it is in n-general position (resp. weakly n−general position).
We now state some pairs of corresponding second main theorem in Nevanlinna theory and Schmidt's subspace theorem for the case of moving targets. Firstly, M. Ru -W. Stoll [9] proved the following second main theorem for moving hyperplanes (this result was also reproved by M. Shirosaki [12] with a simpler proof).
Theorem A (cf. [9, 12] ). Let {a i } q i=1 be hyperplanes in general position in P n (C). Let f : C m → P n (C) be a meromorphic mapping such that f is linearly nondegenerate over R {a i } . Then for every ǫ > 0, we have
Here, by the notation " P " we mean that the assertion P holds for all r ∈ [0, ∞) excluding a Borel subset E of the interval [0, ∞) with E dr < ∞.
Corresponding to this theorem, M. Ru and P. Vojta [10] gave the following Schmidt's subspace theorem with moving hyperplane targets.
Theorem B (cf. [10] ). Let k be a number field, S be a finite set of places of k, let q ≥ n + 1 be a positive integer and ǫ > 0. Let Λ be an infinite index set, let H 1 , . . . , H q be moving hyperplanes in P n (k) of degrees d 1 , . . . , d q respectively and let x : Λ → P n (k) be a collection of points such that:
(
Later on, G. Dethloff and T. V. Tan extended the second main theorem of M. Ru and W. Stoll to the case of moving hypersurfaces. Following the method of Dethloff and Tan, L. Giang [4] and Z. Chen, M. Ru and Q. Yan [1] proved a corresponding Schmidt's subspace theorem for moving hypersurfaces in general position. Recently, in [8] , we extended the result of Dethloff and Tan to the case of moving hypersurfaces in weakly subgeneral position as follows.
Theorem C (cf. [8] , see also [7] ). Let f be a nonconstant meromorphic map of
be a family of slowly (with respect to f ) moving hypersurfaces in weakly N-subgeneral position with deg
. Then for any ǫ > 0, we have
where L j is a positive number (explicitly estimated).
Our main result in this paper is motivated by the relationship between Nevanlinna theory and Diophantine approximation. We will prove a Schmidt's subspace fo moving hypersurfaces in weakly subgeneral position which corresponds to Theorem C. Namely, we will prove the following.
Main Theorem. Let k be a number field, S be a finite set of places of k, let q ≥ N + 1 be a positive integer and ǫ > 0. Let Λ be an infinite index set, let Q 1 , . . . , Q q be moving hypersurfaces in P n (k) of degrees d 1 , . . . , d q respectively and let x : Λ → P n (k) be a collection of points such that:
(1) the family of polynomials Q 1 , . . . , Q q is in weakly N-subgeneral position; (2) x is algebraically non-degenerate over R {Qj}
for all α ∈ A.
We would like to note that, when the family of moving hypersurfaces is in weakly general position, i.e., N = n, our above result will imply the Schmidt's subspace theorems of L. Giang and also of Z. Chen, M. Ru and Q. Yan.
Some lemmas and theorems
We recall some algebraic lemmas from [2, 3] Lemma 2.1 (see [2, Lemma 2.2]). Let A be a commutative ring and let {φ 1 , . . . , φ p } be a regular sequence in A, i.e., for i = 1, . . . , p, φ i is not a zero divisor of A/(φ 1 , . . . , φ i−1 ). Denote by I the ideal in A generated by φ 1 , . . . , φ p . Suppose that for some q, q 1 , . . . , q h ∈ A, we have an equation
Here, as throughout this paper, we use the lexicographic order on
iff for some s ∈ {1, . . . , p} we have j l = i l for l < s and j s > i s .
is a regular sequence, as well as all its subsequences.
Let x be a map from an index set Λ into P n (k). A map (C, a) ∈ R 0 Λ is said to be small with respect to x if h(a(α)) = o(h(x(α))), which means that, for every ǫ > 0, there exists a subset C ′ ⊂ C with finite complement such that h(a(α)) ≤ ǫh(x(α)) for all α ∈ C ′ . Denote by K x the set of all small maps. Then, K x is a subring of R 0 Λ .
We denote by C x the set of all positive functions f defined over Λ outside a finite subset of Λ such that log
Then, C x is a ring. We see that if (C, a) ∈ K x then for every v ∈ M k , the function ||a(α)|| v ∈ C x . Furthermore, if (C, a) satisfies that a(α) = 0 for all α ∈ C outside a finite subset then the function
The following lemma is from [4] . . Assume that all coefficients of Q i , i ∈ {0, ..., n} belong to the field R A,{Q i } n i=0 . Then, for every v ∈ S, there exist functions l 1,v , l 2,v such that
for all α ∈ A outside a finite subset of A. Moreover, if the coefficients of
To prove our main theorem, we need the following result of Ru and Vojta. 
and let x : Λ → P n (k) be a collection of points such that we have the following:
We note that M. Ru and P. Vojta only stated their theorem in which the set of hyperplanes is fixed but their proof also valid for the case of moving hyperplanes as above.
Schmidt's subspace theorem for moving hypersurfaces
We first prove the following lemma. 
Proof. We assume that Q i (1 ≤ i ≤ N + 1) has the following form
By the definition of weakly subgeneral position, there exists an infinite subset A ′ of A with finite complement such that, for all α ∈ A ′ , the system of equations
has only the trivial solution (0, ..., 0) ink. We note that A ′ is coherent with respect to
′ if necessary, we may assume that A ′ = A.
We fix α 0 ∈ A. For each homogeneous polynomial Q ∈ k[x 0 , ..., x n ], we will denote by Q * the hypersurface in P n (k) defined by Q, i.e.,
where dim ∅ = −∞. The homogeneous polynomial P 2 is constructed as follows. For every irreducible component Γ of dimension n − 1 of Q * 1 (α 0 ), we put
Hence, there exists (c 12 , ..., c 1(
Similarly, for every irreducible component Γ ′ of dimension n − 2 of (P *
. Since the set of irreducible components of dimension n − 2 of (P *
Then, there exists (c 22 , ..., c 2(N −n+3) ) ∈ k N −n+2 such that
Repeating again the above step, after the n-th step we get the hypersurfaces P 2 , ..., P n+1 satisfying
In particular, n+1 j=1 P * j (α 0 ) = ∅. Now we denote by R the resultant of P 1 , ..., P n+1 . Then we see that
This implies that R(α) = 0 for all α ∈ A outside a finite set. Therefore, the system of equations P i (α)(x 0 , ..., x n ) = 0, i = 1, ..., n + 1, has only the trivial solution (0, ..., 0) ink n+1 for all α ∈ A outside a finite set. This means that P 1 , ..., P n+1 are in weakly general position in R 0 A [x 0 , ..., x n ]. We complete the proof of the lemma.
We need the following lemma. Then for any nonnegative integer L and for any J := {j 1 , . . . , j n } ⊂ {1, . . . , q}, the dimension of the vector space
In order to prove the main theorem, we first prove the following theorem, and then we will show that the main theorem is an implication of it. Theorem 3.3. Let k be a number field, let S be a finite set of places of k and let q ≥ n+1 be a positive integer and ǫ > 0. Further, let Λ be an infinite index set, let Q 1 , ..., Q q be moving hypersurfaces in P n (k) of the same degree d and let x : Λ → P n (k) be a collection of points such that:
(1) the family of polynomials Q 1 , ..., Q q is in weakly N-subgeneral position, N ≥ n, (2) x is algebraically nondegenerate over
Let A ⊂ Λ be an infinite subset which is coherent with respect to
and has at least one coefficient equal to 1, (5) Q i (α)(x(α)) = 0 for all α ∈ A, i = 1, ..., q. Then there exists an infinite index subset B ⊂ A ⊂ Λ such that
for all α ∈ B.
Proof. We set
For each I = (i 1 , ..., i N +1 ) ∈ I, we denote by P I,1 , ..., P I,n+1 the moving hypersurfaces obtained in Lemma 3.1 with respect to the family of moving hypersurfaces
It is easy to see that, for each v ∈ S there exists a positive function h v ∈ C x such that
for all I ∈ I and α ∈ A outside a finite subset. Here the function h v may be chosen common for all I ∈ I.
Replacing A by an infinite subset, we may assume that: (3.4) holds for all α ∈ A, and for every v ∈ S there is a permutation (i 1 (v), ..., i q (v)) of (1, ..., q) such that
. Since P I(v),1 , . . . , P I(v),n+1 are in weakly general position, there exist functions g 0,v , g v ∈ C x , which may be chosen independent of I and α, such that
where I(v) = (i 1 (v), ..., i N +1 (v)) and ζ v is a function in C x , which is chosen common for all I(v) ∈ I, such that
and for all α ∈ A outside a finite subset (then by replacing A by an infinite subset we may assume that this inequality holds for all α ∈ A).
The above inequality implies that log
Now, for each non-negative integer L, we denote by V L the vector space (over R , we set
It is clear that
Suppose that (i ′ ) follows (i) in the lexicographic ordering and d||(i)|| < L. We consider the following vector space homomorphism
, where [P In fact, for any γ ∈ ker ϕ, we have
where g (j) ∈ V L−d||(j)|| . By Lemma 2.1 and Lemma 2.2, we have γ ∈ (P I,1 , . . . , P I,n ). Then
Conversely, for any γ ∈ (P I,1 , . . . ,
It implies that
It is clear that P
, and hence ϕ(γ) = 0, i.e., γ ∈ ker ϕ. Therefore, we have
Hence the claim is proved.
This claim yields that
, 0, . . . , 0). It is easy to see that K is the number of n-tuples (i 1 , . . . , i n ) with i j ≥ 0 and
For each k ∈ {1, . . . , K − 1} we set m
, and set m 
From the above filtration, for each v ∈ S, we may choose a basis {ψ
We may choose h v,l to be a monomial.
We have the following estimates: Firstly, we see that
Note that, by the symmetry (i 1 , . . . , i n ) → (i σ(1) , . . . , i σ(n) ) with σ ∈ S(n), k:||(i) k ||=l i sk does not depend on s. We set
m k i sk , which is independent of s and I.
Then we have
where c v,l ∈ C x . Taking the product on both sides of the above inequalities over all l and then taking logarithms, we obtain
Combining the above inequality with (3.5), we obtain that 
Hence, we see that
Combining this inequality with (3.10), we get
Since φ i is chosen to be a monomial for every 1 ≤ i ≤ u, we now write
for all l ∈ {1, . . . , u}. This yields that
for all α in an infinite subset of A.
In deed, we will show that the family of linear forms {L I(v)l l } 1≤l≤u will satisfy the assumptions (1), (2) and (3) of Theorem 2.4 with respect to the collection of points F (x) : A → P n (k) as follows:
Step 1. We verify the condition (1) of Theorem 2.4. Fix v ∈ S. Since {L
i,l (α)) 1≤i,l≤u = 0 for all α ∈ A outside a finite subset. By passing to an infinite subset of A, we may assume that det(c
Step 2. We verify the condition (2) of Theorem 2.4. Suppose to the contrary that F (x) is linear degenerate over R {L
. Then there is an infinite subset B of A which is coherent with respect to {L I(v) l } 1≤l≤u and a non-zero linear form
such that L(α)(F (x(α))) = 0 for all α ∈ B outside a finite subset. This implies that
Therefore, we have log ||L
for α ∈ A. Hence, the claim is proved.
Summing both sides of (3.16) over all v ∈ S and using the above two claims with the note that log ||F (
with α ∈ A. This is equivalent to
We need some estimate for a and u. Firstly, we have
Since the number of nonnegative integer p-tuples with summation ≤ T is equal to the number of nonnegative integer (p + 1)-tuples with summation exactly equal to T ∈ Z, which is T +n n , and since the sum below is independent of s, we have
Then for ǫ > 0, we may choose L big enough such that
.
Hence (3.14) implies that
,v (x(α)) ≤ (N − n + 1)(n + 1) + ǫ 2 h(x(α)) + o(h(x(α))).
Since the term o(h(x(α))) will be dominated by ǫ 2
h(x(α)), the above inequality yields that The theorem is proved.
Proof of Main Theorem. Assume that
By changing the homogeneous coordinates of P n (k) if necessary, we may assume that a , we have for each Q i , Q i (α)(x(α)) = 0 for all but finite many α ∈ A. Then by passing to an infinite subset with finite complement of A, we may assume that Q i (α)(x(α)) = 0 for all i = 1, ..., q and α ∈ A.
We setQ We now verify that A is coherent with respect to
. Indeed, suppose that we have a non-zero polynomial P (. .., x 1,I , ..., x i,J , ..., x q,K , ...), I, J, K ∈ T d , which is homogeneous in (..., x i,I , ...) for each i ∈ {1, ..., q} and satisfies P (...,ã 1,I (α), ...,ã i,J (α), ...,ã q,K (α), ...) = 0. , and hence x is algebraically non-degenerate over
. Moreover, we have for all α ∈ B. This proves the theorem.
